Abstract
Introduction
Methods for inversion of tactile sensor data have used the linear elastic half plane and half space models to determine subsurface strain fields due to surface contacts. This paper develops a model specifically for cylindrical geometries and compares the predicted subsurface strain response to that of the half space model. ' In [Fearing 851 it is shown how the linear elastic half space model can be used to determine contact location, sh,i.pe, and force from subsurface normal strain data on a cylindrical finger. One of the open questions was the effect of the cylindrical geometry on the subsurface strain. Most recently [Ellis 921 has used a finite element model to investigate the effect of a cylindrical geometry on subsurface strain data. Their conclusions, that shape interpretation is difficult due to the high degree of similarity of subsurface strain profiles. are supported by this paper.
(Canepa et.al.1 describe a neural net approach to inverting tactile sensor data. They discuss the low pass filtering effect of the rubber and the resulting limitation on shape discrimination. They point out that the shapes recognized must be restricted to those that are represented by low frequencies. This paper specifically investigates the map from surface pressure to deformed shape to determine the required frequency response for shiape discrimination.
Previous work on modeling cylindrical el astic bodies [Bentall 67. Nowell 88 . Poritsky 501 has focused 0 1 1 the surface loading and has not been concerned with the subsurface state of stress and strain. In these cases the elastic half-space model is appropriate. In our case we must know both the state for the material in the contact region at the surface, as well as beneath the surface. where sensors will be located. For subsurface strain modeling, a cylindrical model is more appropriate.
We proceed by first determining the solution to the boundary value problem of an elastic cylinder with a rigid core given the solution to the linear elastic plane problem in polar cocrdinates This model can be used to find the state of the body given the normal and tangential load in the contact region. Section 3 investigates the subsurface strain impulse response that follows directly from the model. In the next section we show how to determine the loading in the contact region given its size and the shape of the indenter in the region by solving the forward problem from indenter to state of the body. The following section investigates the properties of the solution using singular value decomposition. In section 6 we describe how sensor data may be inverted to provide the best estimate for contact location, size, load, and shape.
Solution given surface tractions

Problem statement
We assume that displacements are small and constant in time and that the rubber is homogeneous and isotropic. Under these assumptions we can use a linear elastostatic model. Additionally we make the assumption that the displacement field is independent of the axial direction of the cylinder, that is:
where U, denotes radial displacement, u,j denotes displacement in the angular direction, and U, denotes axial displacement. These constitute the plane strain assumption. By making these assumptions we require the indentation to be along the length of a long cylinder.
To solve the elasticity problem we first assume that the surface traction in the radial direction, p ( 8 ) , and the tangential traction, q(B), are known. In section 4 this assumption is removed. We also assume that the rubber layer is rigidly bonded to the solid core in the center of the cylinder. We let ro be the radius of the core and 7-b be the outer radius. The contact is centered at 8, and has a total width, in radians, of 0,. Fkferring to Figure 1 , the boundary conditions may be stated as follows:
where:
We have used C1 to indicate the contact region. In this region non-zero tractions, both radial and tangential, are exerted by the indenter on the elastic surface. In CZ, the region outside the contact on the surface, there are zero tractions. On C3 the elastic region is bonded to the rigid core. Note that the functions p ( 6 ) and q ( 0 ) are assumed to be zero outside the contact region. With these mixed-mixed boundary conditions the problem is well posed.
Fourier series decomposition
As we are using linear elasticity to solve this problem we may use the principle of superposition to sum independent partial solutions. The sum of these partial solutions gives the desired solution.
Since all the partial solutions will be periodic in 0 with period 27r, a fourier series decomposition is natural. Using a trigonometric fourier series we can write the surface tractions as follows:
We desire a solution of the form:
By solving the elasticity problem for each k and summing we solve the complete problem. In this paper we have also computed the fourier series coefficients for the normal strain, err, as erro, e: , " and e;,". In polar coordinates the shear strain can be computed directly from the shear stress with e,g(r, 6) = &Tr8(r, 6).
2.3 Plane-strain solutions for cylindrical coordinates using Airy functions ?Ve use an Airy function in polar coordinates to find the solution that satisfies the 3 basic equations of linear elastostatics: strain-displacement, stress-strain, and the stress equations 
Here p is the shear modulus and U is Poisson's ratio. These parameters are related to the more well known Young's modulus, E , by E = 2 4 1 + U ) . The function h4 is the conjugate harmonic to L. The details of the derivation I , m, and Ai' can be found in a standard text covering complex analysis. The following set of Airy functions, pointed out by [Bogy] , will generate the required set of solutions.
4' = ( -+ 6~r 3 + c 1 r l n r )
The above set of Airy functions can be shown to be a complete set of solutions. Given this set we now must solve for the constants, a, , b,, cn, d,, ay, a;, and W O given the boundary conditions. We do not give the explicit formulas for these constants, but instead give the equations for the fourier series coefficients which are based on these constants.
Solutions
By substituting in the boundary conditions, the constant coefficients in the previous equations are solved for each n. It is useful to define the following:
Note that Q ,p, and y are all less than 1. We should point out here that the shear stress and shear strain at r. due to a constant shear load at Tb increase as ri. This is important to consider when designing rubber coated fingers. Also we note that uO,,(r) indicates how much rotation occurs about the axis of the cylinder due to a tangential load. Finally we note that for incompressible materials where Q = $ there is no radial displacement due to a constant load applied normally over the complete surface of the finger.
n = 1
For n = 1 the solution is more involved, but simplifies to the following form (A1 and B1 are given in the Appendix):
For n 2 2 the form of the solution is similar:
A quick glance at the above solutions reveals that the sine terms for err, the normal strain, and the cosine terms for e, O, the shear strain, depend only on the sine terms for the normal surface pressures and the cosine terms for the tangential surface pressures. This is an important property which has implications for indenter shape sensing.
Impulse and frequency response
If the cylinder is indented with a sharp edge, then the loading will be distributed over a very small area. In terms of the model parameters, Ow will be very small. The fourier series coefficients for such an impulsive load with pressure magnitude A&$ applied at an angle 4 from the surface normal (assuming no slip) at contact location 8, are: Additionally we assume that the sensors are located at radius r, = ra + 0. 5". Figure 2 shows the displacement field due to a knife edge applied at 45 degrees to the surface of the cylinder at 8, = 0. The subsurface displacement field makes it immediately clear that a large degree of spatial frequency filtering is occurring. To get a better idea of the type of filtering, Figure 3 shows the shear and normal strain coefficients, errk and e,@,, as they vary with the index IC. This plot is in effect the spatial frequency response due to the rubber layer. That is; since the frequency spectrum of the loading was flat, Figure 3 shows the relative effect of each loading frequency component on the corresponding frequency of the subsurface strain. We note that err& and ere, drop off to below 10 percent of their maximumvalue by the 20th coefficient. Due to this high degree of low pass filtering, the subsurface normal strain, as shown in Figure 4 , does not change perceptibly with contacts that vary in shape frequencies above the cut-off frequency.
Figures 3 and 4 also show the comparable frequency and impulse response for the plane strain half plane model [Johnson 85 , Fearing 851. The plots have been normalized to the peak value. In both figures the response due to normal and tangential loading has been separated to show the relative effect of normal and tangential loads on the normal and shear strain. The half space model shows a larger degree of filtering from normal loads the normal strain given the same rubber thickness as is apparent from the smaller side lobes in the impulse response and the smaller cutoff frequency in the frequency response. In figure 4 we see that the effect of tangential loading on normal strain is similar until the effect of the cylinder's curvature becomes apparent at 0 = .4 radians .
In Figure 3 we see the dominance at low frequencies of the tangential loading on the shear strain. Whereas the normal strain due to the normal and tangential loading are just a factor of 2 in comparative magnitude and have a similarly shaped frequency response, the shear strain is affected by a factor of 3 more by the tangential load than the normal load and the frequency response drops off much more sharply.
So far we have only discussed the filtering effects for one set of radii parameters. Figure 5 shows how the cut-off frequencies and tangential load influence vary as CY = 2 approaches 1.0. As you can see, the cut-off frequency increases exponentially. We note, however, that e, e is filtered to only 10 cycles per revolution when cu is as large as 0.S5. This indicates that shear strain sensing may be used as a good indicator of tangential load, but not of contact
183.
shape in the presence of tangential loading 4 Determining p ( 0 ) and q(0)
The model developed in the previous section assumed that the normal and tangential surface stresses were known. If we were considering only frictionless contacts then the standard Hertz contact model could be used to determine the parabolic pressure distribution. However if we wish to analyze the influence of a contact with friction we must determine the combination of tangential and normal loading that give the same shape of deformation in the contact region as the indenter.
Since we want to determine p ( 0 ) and q ( 0 ) given an indenter shape, load, and location we need to invert the model derived in section 2. Unfortunately these equations do not adapt easily to the shape and load formulation, instead we will state the equivalent constraints: indenter shape, location (Oc), and the size of the area of contact (0,) , The slope of the deformed surface is given by:
With the correct loading, s(0) will be the same as the slope of the indenter in the contact region.
At this point we must resort to numerical techniques and truncate the fourier series. If we wish nmax periods of the highest frequency in the series in the contact region then we must compute the fourier scrics up to:
Since our main concern is with sensor data inversion, we can be satisfied with picking our n = n, = 300 so that for a 2 mm contact we will have 7.6 periods of the highest frequency component in the contact region. This will provide an adequate approximation of the contact shape while easily including all the frequencies that will be sensed below the surface.
We start by computing the slope of the indenter at np > (272, + 2) points in the contact region as: We next compute a np x (471, + 2) real valued matrix which maps from the fourier series coefficients of the normal and tangential tractions (truncated to the frequency ncO) to the displacement slope at each point in the contact region. To do this we first compute the fourier series coefficients for surface normal and tangential displacements due to unit normal and tangential loads at each frequency as:
2(i -
Coefficients for j = 1 can be computed similarly. Now, for j # 1 and j # 212, + 2 , T is given by: i':Ixkcos(k6;) j odd j < 2nc + 2 1:,,kcos(kOi)
where k = int((j -1)/2). The first and 2n, + 2 column of T are given by:
Ti(2ne+Z) = 6r0o (10) With T constructed as above, it may be applied to a vector of fourier series coefficients for normal and tangential tractions to give the slope in the contact region. Let s be the vector associated with si, p be the vector associated with pj, and q be the vector associated with q,. Then we have:
If we were simply to invert T to determine the fourier coefficients given the slope in the contact region then we would have no guarantee that the pressures would be zero outside the contact region. To solve this problem we convolve the & and qk with the coefficients for a Hanning window truncated to nc/2 before multiplying them by T. Call this convolution matrix C . C has dimensions (4nc + 2) x (2nc 4-2). We have:
We have used themsymbol to note the fact that the coefficients 6 and 6 will have non-zero pressure outside the contact region, but p and q will have minimal energy outside the contact region due to the windowing.
A straight inversion of T would be numerically unstable, thus we have used singular value decomposition to compute its pseudoinverse as:
where C is diagonal and U and V correspond to pure rotations. This decomposition provides valuable insight into the shape to pressure map that will be discussed in the next section.
We illustrate the use of the inverse with the following example. If we wish to model the frictionless contact of a flat surface with the cylinder with a contact length of 2mm then we choose:
and compute the surface tractions as:
The resulting displacement field is shown in Figure 6 and the resulting surface stress is shown in Figure 7 . As would be expected, the surface stress is the parabolic stress given by a Hertz contact. 
Bandlimited shape interpretation
The magnitudes of the singular values and the rows of the matrices U and V can be used to determine the ability of subsurface strain sensors to discriminate different shaped indenters on the surface. With r,, rs, rb, and Ow as before, the matrix TC has 11 singular values with relative magnitude greater than 1/100 of the maximum singular value. Figure S shows the magnitudes. In fact there are only 8 singular values with magnitude greater than 1/10 of the maximum singular value. The singular values with smaller magnitude may be discarded since they will have little influence on the slope vector s. That is, pressure distributions with coefficients orthogonal to the rows of V corresponding to the 8 most significant singular values will have a very small effect on the slope.
The small number of singular values is not surprising as it corresponds closely to the number of full periods of the highest frequency that we modeled that can occur in the contact region ( n, = 300, Ow = 0.16, number of periods = 7.6). Figure 9 shows how the number of singular values varies with contact width for n, = 300.
The singular value decomposition gives us more than just a reduction in the problem size, it also helps us understand the shape to pressure map. The rows of U and V give matched pairs of pressure coefficients and shape in the contact region. 
Conclusions and future directions
We have presented a linear elastic model for a cylindrical sensor and investigated the subsurface strain frequency responses to estimate the sensor performance. We can conclude that localization and force information is good and may be obtained with just a few data points. It does not appear that shear strain sensing will aid particularly in the inversion process as it will be dominated at the low frequencies by the tangential loading. For good shape discrimination the sensors must be put close to the surface, at (Y > 0.85, or the sensors must be highly noise free and accurate to at least 1 percent to detect the high frequency information. A sensor is being constructed based on the design of [Fearing 901 to test the validity of this model. We expect to find that localization and detection of force magnitude and direction will be fast and well posed. The first sensor will have CY = 0.7 which will induce sufficient low pass filtering that the subsurface normal strain will depend almost exclusively on the location of the contact and the tangential load. Both of the impulse responses, as shown in figure 4, will vary little with indenter shape, so by simply scaling and shifting the two responses to fit the data the location and direction of force may be found from 3 data points. This will require a minimum of 16 sensors around the circumference. With this sensor our shape discrimination from single touches will be limited. We will investigate other sensor designs that will maximize shape information.
